R | Sets and Logic
Statement Calculus :

A statement is a serttence Hrak s erdier ‘ue or false. (o value) .

Emvwrle (.1
() A s Smaller Hhan R
Q) 4 8 a 'Fﬁvv\e_ number.

N+

Q) 2 . is a ‘Fﬁme number.
A of the above are statements | while () s frue , @) s -false ad  whether @) ® te
de_FeV\ds on the value cf N (We denste the statement b‘a Pwd , called  statement.

f\mc‘b‘\on ).

'Dejeiv\'ruon LA

Llet P . QA be twe statements .

) The conjanction of P.Q, densted by PaQ (read as Pad Q)
= de:f\ned as a statement which s true f bsth P, Q are trse.

@ The dis\')mnct'son cj P .G, densted by Pv@ (read os P or Q")

= defmed as a statewment which 18 true «f eifther P or Q@ is true , or bsth
P ad & are tre.

P Q| PAaG | PvQ

T T T T

P [P T F E T

T F E T = T

E | 7 E E E =
Tectda table cf =P TTrutda talde. cf Pal , PvQ

@) The V\eaa:bion cf P. dencsted b«.a P Gread as st P ).
= dzfined as a_ statewmert which has o‘ﬂ»srte “ruth value cf P.
@) The condrtional statewent . denste b.a P—->Q (read as lf P then @ or

P "um?\ies Q) w def!ned as a statewenrt which is false. cmha when P s true
and Q s fo\\se_.




P Q P—-Q
T T T
T E E
E T T
E E T

Tasda tabdle cji PoQ

How 4o understand 2
ExavwF\e L2
Let P be the statement " John wins the Madk Six jackpet”,
Q be the skakement ~ Tohn bwas qug a wmeal ",
P—=Q is the statement
lf John wins the Mark Six jackpet . fhen John ‘owas qué a weal "
TJust. like a prowise, John bredks his Frowﬁse <>vxl\3~ when he wins the Mark Six Jack?dt
(P 11 true) buk he does wnst bwa Hana a weal (@A is fqlse).

Caution : When P—=Q is true . tt does mean P is “rue !

If we kinow the statement. P—Q s o.lwa.tas true , we say P ivv(r‘ie.s Q
and dencte ]ma P=2Q.

5<awr\>le (2
Let P be -the sﬁ:atew»e.wb"RBCD‘\saszm\%!e.",
QA be the statewment ~ ARCD i a 'Faml\elogrqm “

P Q P=-Q

T T T

= = = % This case wnever l«an:ems'.
E T T

E E T

Tridn tade cf— P-Q
P—=Q is o.lwauas true and we sq\a_ ARCD i a \’ec‘cx:m%!e. IM‘>|ie_s ARCD s a 'qul\elo%rqw\ .




As we can See.f-uw\-‘éne-bfwﬂn “able cf P, «-f we wartt to show P=2>Q , what we.
have o do is S‘r\owing Hagk when P is bue , & must be e |

'Defiv\'rum (B
lek P .3 be two stetoments .

The bicondtional statewent ., P @ (read as P 'rf and cmla \f Q) w deflned
as (P->-Q)A(Q—=P)

P Q P-Q | QP | (PoQ)A(@—>P)
T T T T T
T E E T E
E T T E E
E E T T T

Trutda table cf PeeQ

Exaw(Fle L&
Let P be the statement. ~ ARCD “\savecb:w\%!e.",

QA be the staktewment. ~ ARCD i a Faml\elo%rqm

P Q PeQ
T T T

-
¢

L

= x This case wever L\AFFe.V\s'.

R R ﬂ
E | F | T

PeQ s -false. when ARCD is a Fam(\elo%mm but not a rectcma(e_.

lf we know the statement PeQ s o.l\.ocuas ‘e , we say P is ei:xwa\en-b to Q
and dencte Io:.a Ped o P=Q.

Frowm the “trcdn tadle cf PoQ,we con see Haat e s true o\r\\\a_ when  lbotdn
P-Q and Q=P are true , ie. P=2Q and Q=P

[n this case, we can see Hhat P and Q& Q\wa\as have the same ity value .




ExaMFle .5
AN -\-Y
let P be the shtatement. =~ LA Isaﬁ%khav%\e",
QR be the statewment. ~ AR +AC -BC "
We have P=ax CPyth. Theorem) and Q=P (Converse cﬁ gt Theorem) .

_ﬁz\erefore. Peq .

Rewark -
There is a litde brt cl‘ﬁ@'ew‘-e. between Ev\%lis\r\" and “Mabhematics” .
For exa.mPle )

Theorem : ln ARRC, ij? LA s a ﬁ%‘ﬂh oy\%\e . then AB + AC -BC .
should be. understood as

lf LA isa\r"\%‘/vt w\%\e.'tb\ey\ A’B"+AC"='BC1~ s true .

Dhen we know P3& and Q=R , P33R (H\aFcTHAe‘t?ca.l Sg\lo%’isw\)

P Q R PoQ | Q=R | (PoQ)al@>R) | PR
T T T T T T T

T T F 1 ® = =
T E 1 @ =< = T

T = E e < = =
E T T T T T T
£ ‘ = T &, = ‘

E E T T T T T
= = E T T T -

ln o ‘F\foof L we usma\\xa wyite
PaR=2F= - 3B . >%H,
'rE, a.cbmlha wmeans ‘P. = FP:. . 'Pz$'P3 et ph—\ $'P|=




'PVb'Fos'rE.'\ovx (.1

P-Q = 7PvQ

presf -

P Q P [Pva | P=Q
T T E T T
T E E F E
E T T T T
E E T T T

1 T

a\wa%s the same

Exercise. (.4

Let P. A, R be wee statewents . "B\a COV\S'bnAchg o tables | show Hhat :
Wy =@ =P

Q@ Pal = QAP ( Commubative  Law °§ ijwc&:\en)
@) Pal@aR) = (PAQ) AR ( Asscciative. Law cg Cnv:‘)wxcb'\on)
@ PP =P ( Conmmutative. Law =§ ijwcaov\)

65y Pyl = QuP ( Associative. Law °§ ch:')wxcb'\on idunction )
© Pyv@vR) = Pv@)vR ( Associative. Law c§ 'b?s:)wxcﬁevx)
@ Pyv@aR) = PV A®VvR)

} (Distributive Laws )

Q@ Pal@vR) Py A PUR)

Q@ APaQ) = PIvER)

} (De Morréqv\'s Laws )
) A(PvR) = (AP AGR)

. P—-xq = GRA—-EP)
M) Peqx = 3P

R PeQ

EP) =GR

ExavwF\e WS
Recall P=-Q = 4PvQ , So
A (P=Q) =1 (PvQ)
= 1GP) A G
= PaGQ)




Q\«av\'bfier : SFeQ\f\&s %mw(:rha_ cf srecimey\s.

Commonlla_ used gou\awaers ; fm- al (dencted bua YY) , *there exists (dencted Bua 3) .

V%, P wmeans  For all «. P

T2, Pe) means  There exsts =, Peo .

EXG\MF‘Q (3}

let Poo be the stutement “x studies mabh  where = s a student.

W) V= . Poo means  For all studenks =, % shudies wathh .

() Tx, Pe) means  There exists a sbudent x such ok % sbudies wmath .

@ V= . Pw) means " Not all students S'bdua wathh .

@ (T x . Poo) means “There exists no  studewt sb,duamaé matdh .

) V= .7Pe0 means For all studemts =, % does wokt shn:lxa et

@ Tx P means “There exists a studedt % Such b % does nob Sty math "

We can see Hak @) =(5) , @) =(®).

ExawrFle (.8
let Peo be he stutement " studies math
Qoo be -Hre stutement % studies F‘l\lasics ’
where < s a student .
V% . Peo—» Qe means
“For all studenks % 1 % shudies math then % shudies phusies .
l\le%ation f the abeve :
1 (Vx . Peo=Qeo) = 3%, 1 (Peo—=Qe0) = 3x ., Peo a(aQm0) means

"There exists a student x such vt % studies math and % does nst studa ?\,Wés:cs".



Naive Set Theory,

A set is a we(l-dzfined collection of distinck cbjects (dements)
Ifuisane.le.w\ew‘c_ cja a seb A, we denste ik b.a xe A
(read as "= L-»e.lonas + A").

-D#lnlﬁon L3

For two sets A, B, A-B ifahéoh\taﬁ A contoins ever\a_e&ememh oji'B and
BCowtdwse\/engdemewE ojiA.

(V> .xeA & xeB®)
LﬁtAanc\Bbese&s.B‘lsq&kse:bcfP\(devﬁteclb‘g'lssﬁ) 'nﬁa.vxdov\\ua_‘rf
every element. f B s an elemest og AL

(Vx , xeBR =5 xefh)

B«AMF[Q (9

S=1{1,2.23

That means S 8 a set cm&aiv\inﬂ 3 elements ,mmelca [,2 and 2.
OR:[,2,%eS

B T={1.2.3,43, then we say S s a subset of T, or ST,
That  means eveny element in S is also an element w T.

Netations cf&en used :

N : set cf all nabuwal  numbers (novmego:(:ive_ '«w\:eaers)
z (Z: set aje all_(posttive) itegers

® : set of all vational numbers

R : set cf all veal numbers

C : set a)E allcomplex rwlbers

$  empy seb . ie $ -0 “Nothing

abl : set of all veal numbers = such that asxs<b
(@b) : set of all veal numbers = such that a<x<b
la,o) : set of all veal wnumbers = sudh that asx



BmMFle (.10
C’)QA ‘ﬁro.v%sztﬁ
Neze®csRcsC

let A= {23,023 . 0210 . A consists df 2 elements , bt i ffacb each elemenst is again
a set.

"Pvuros'rﬁon L2
let AN and B be seks. A=B favﬂ om\\a_if A<s® axd B<sA.

et

T Suﬁmse_ A%,

(be}eim'rt‘mv\ st B=RB) VYo, xeA = xe® i1e ASB®
Sim:\av\.?’, Vx, xeB = xe A e BSA

e’ S\AFFQSQ_ As® ad BcA

(".szw\'rtiuvx of As®) Vx,xeA 3 xe®R

(Defmmm <P Beh) Vx,xeB 3 xeh

" Vx,xeA & «e®

'varos'rﬁm L2
Show aat
0 Furevenése:b A.ASA.
2) Ij—’ CsB® ad ReA , then CsA.
(il
D V>, xeA > xeh
~ As A
DY %, xeC>%xe® and Y %, xeB > xch

N %, xeC > xehA




B«:\MF(Q (W
Set of all Posrhve. even 'm'heﬁers
={2.4.6, .1}

= {)W\‘ W\ei}

ie. this set consists cf elements c‘f the fum\ Y such that meZ'.
Set of all postbive odd 'M'Eeaexs =2 (How o descvibe ?2)

Pinswer : {am+1: meMN3 or {2m-1L: mei}

[ %e.v\eml ., a set can be deserbed as  {x : P&} , so tt consisks ?g all . suela
dat Peo & true .

{').wu W\ef} = {x: x=2mameZ'}

Hence. ¢ can be described as 2 % £=3

FPWFOS'\'E'\OV\ L4
There s one and ov\\xa one set whidh costninge o element

7~
(Pove Ba conbradiction )

Let A be a set whidh costmins o clement. but A# .
(A=¢ & (Vx xeAsxedp)al(Vx xep>=eh)
Atp e ~((Vx,xeAsxed) a(V¥x, xepsxeh))
& (ax P (xeAaxecﬁ)) N (Eh(. 1 (xe<{>=>xea))
& (ax,xeAA1¢¢)v(3x.xeAAx¢cﬁ)
Then there exists an elemertt % n A bt nst in ¢ o

there oxdists an e,\ew\eyrtx‘w\<{> bt nst in A, whidh conbradicts o 'Hr\e_fad:‘ﬁndt
both P\aw:\<{> contain_no elemerst.

Exevcise (2

Let A be a seb . Show Hhat quA.




'Deaewaon L4

Let A and B be to sets.
1 The intersection cf A ad B s the seb AcB = {2 : xeh A xeB}
2) The wnion cs§ A and B s the set AUBR « {2 : xeP v xeB}

.. 1 (xe®)
) The COW(F\QW\QWE cf BinA s the seb A\B « {x: xeP o x¢BR}
A B A B
Irtersection : AnB Union : AUB
A . B A . B
Comr(emaﬂ(:cfEinA:A\B ComF(emm(:cfA‘m'B:B\A

Ve dia%raw\s

BmMFle A
Let A=T28  B=-12,33 ,C-{B
AoR - 12l ANnC:=¢
AOR - AuC = 11,231

(Sometimes ., we use AuC instead of AoC +o emrlmsize it is a cks:)oiw(: Uniown , ie. AnC=7S.)
A\B = 113 BAA =133

EmwrFle (Y
Ra{} : sek cf all veal wambers exceFE Y
( Cavtion : \We cancst wbe R\2 as 2 s not a set !)

Remark. :
let A.B be by seks. How o prse A-B 2
Usw:l\ta,'b,ao metheds - (1) Shm'\v% As® and BeA.
() lj A= {0 Ped |, B= {x: Qoo -tv-a to show Peo = Qeo .




'PYUFDS'\'HOV\ (IR
Lleb A, B,C be Hiee sets .
O AnA = A (xebd & (xeP)alxen))

2) AnR-=BRnaA ((xeP) aAlxeP)) & (xeR) AlxePN))
D AnRAC) = (AARYAC
4 AR <A AR <SB

5) Px{'\¢=¢.

"Pvurosi-(:iov\ .6

Llet A.B,C be twee sets.
D _AUVA = A

2) AUVR=BRUA

D ALMBLL) = (AURILC

4 ASAUR , BESAUR

5) Aug=A.

'Pmros‘rkiov\ L3

Llet A, B be two sets.

D ANA=¢

) AN =A

D P NA=¢

) BrA=¢ & and only if BsA
5) (A\BYn(B\A) =&

&) ANn(R\A) = ¢

AxB : Podut 6&' too sets A and B clefmed ‘ma. {a.b): aehA and beR}
BmvwF\e L4

clet A={i1,23Y, B={451.
AxBR={0.4.0,5).0.4),0.5).03.4), .51

Bx A= &, 0. 4,2),4,3),05,1),(52).(530

RxR:TR = {(x.a) : 1,\3_&“1} = set of 'Fo‘mﬁs on_ a F|ome.




Exnwirles :
BmwrFle (15
Let m be an Mte%er.
Prove that «f m is diisible \ma 4 , Hren m is divisible b«a 2.
(Let P be the statement " m is divsible ‘c\a y”
Q be the shatement “m is dwisible by 2"
Acbm\\.a . £ wmeans sl'\m..\iv\g that P>Q is true , le. P3Q.
As we can see_j%mm e tutdn +able cf P-»Q,}g we wart 4o show P= @, what we
hae to do is S‘r\o\.ﬁng that when P is bue, & wmust be true | )
let wm be an inteper divisible. \916 4
ie. m=4M where M is an ivvtzraer. — CDefwam cJe d‘l\/isib‘\\'rb.é 2)
m= 4™
=2.0M)
Since. DM is an “M'{'Ja%er . m 1s divisible \0‘3 2.
(Think_deeper - —Defivfrﬁon cf 7, onattiplication 2 )

Bmwt‘ﬂe L6 (Prove ‘o«a covibradickion )
Prove Huxt 5 s ioration .
(Let P be 4the statewment “J5 i ioation .

[nstead oﬁ skmin% P s trre (ie. P=T) ,we are %o’wx% 4o show =P is -fqlSQ
(ie. 2 P=F) Then PGP =a(®) =T ! Kt i1s called in‘m% ‘ua covibradiction .

Hows do we prove =P = false'? \Ao.’tna ‘o sShow P =2 Q where Q=F
ie. =P leads Sow\eﬂl\in% umvx%! )

-P

Q A P=Q
T T T O Show P> Q

% 2. Show this case wever \r\a.FFe.\AS .

@ @EF,SQ P zE

m
m
H A




Pssime A3 1s rational |, le. AP -50\’ Some. Fosrb’we Iw(:eaers wm,n.
We con express =M and na3tN where k,% are. now e Mteﬂers,
M.N are Fos‘rbive Mteaers which are. st dwisible ‘ova 2.
Then dn =m
'119:‘(\11= _;.\:M;

_I'L\erefore , 1%+\ =2k which is iw\?ossi\o\e . (Conbradickion !)

I':mmF\e (13 (Brove B\a cortbradiction )

Prove that there are Mﬁwreehg maniy_primes..

P

Assume “there are fm'rfcehg many primes..

Then we lisk ouk all Primes. Puopu.cs Pro and let Nz ppapatt.
Since. N 1s greater than all pj and N is nst divisible Lna all py .
N & a prime othec than prpr.oopa (Constradliction )

5<awr\>le LI (Prove Bta @wb'v:t)osiﬂve)

Prove -that f < s even them x is =ven .
(Let P be e statemert "= is even'.
Q be 4the statement ~x is even’.
We are oping o show P> s trne . However, we knows P& = R =GP)
so we can show Q) =»(P) s bue insteod )
S»Tcrose. that = s net even Q).
then = s ol and x =2kt fur Some. iwba%er k.

e Q) = ekl = 243 +1 where 243k s an nteger.
_Fl'\ersze < 15 odd | ie. % is nob even .




Relation :

Definrtion (.5

Arelat“«on'kfmvnqse:bA-boase:tB is a Subset R UJEAxB.

Ao, we say trat "a s related 4o b if(a,k)e'k )

Sometimes 1t can be dencted l’é aRb or a~rb. Ve denste the relation by R or ~.
ln particdlar, i A:B_ then R is sad 4o be a relation defined on A.

Bmmrle_ (.19

leb A=123} ,R=132.4.561.

Let R be a relation frow\ A to B ad.ivev\ ‘oa R={ta,b) e AxB :b is disible B\aa]

Then R:=10.4),6.6).332) .3.6)

Remark : Given a velation 'Rfvw-\ a seb A 4o a sek B, R consists of pavs of
(ab) such that a and b are relabed in some Sense.
However , et R'= {22) ., 3.5 € AxB . The elements which are relaten mau
et have a particular wmeaving . burt. angay R s a velation from A to B .

Ewale 120

Let R be a relation deﬁned on Z which is gwven Ba a,byeR f
b-a is divisible '08 2. : x
Then +the relation can be viswalized as : » ! x x
Ex&wFle. 120

Let |‘ be a relation on Z' sudh that m.neZ and n|m 15‘ m_is divisible b‘a' n.
Then 2 is related +o 4 as 4 s didisible an 2, Gu) eERsZ <Z

bt 4 s not velaked 4o 2 ag D is wek divisibe ‘oua L UV ERZ T

Exav-\Fle. 22

Let MR) be tre set of all Gaxn)-mateices with veol entities.
'Defiv\e_ a velation ~ on MR \ma :

A~B f there exists an invertible watrixk P suelh Hhakt A =PR .
Then T~B for all wnverkible matrices B as I (BB




Ewale. 123
'De?iv\e o relation ~ on N:N=N (e a subset cf N ) bca_-.

CW\,V\)~('|>,%) nf Mg =prn (dea: w\-n:P-%, but sSWstraction s not de?nec‘ on N)
Then ,-f:v- e.xo.vwFle, ©1)~R.3) as o+3=1+2 (e ((o,(),().,%))e'RC_NX*NI)

Latkice 'Fe‘u&ts on the same line -x.--a=c
ore velated .

Banple 124
Defire a relation R on ZxZ" (ie. RS @xZ)n(2xZ)) where Z¥=2Z1{3, by
(m,vx)«-('F.%) f ""%“"F"""
(Think : %f we have two fmc(-:-ons o and —% where m.peZ and n,%eZ* .
'Hr\ea can be m%ade_:l as elements cf ZxZ".
AISo.'Hnea are the “same’ ‘f and on\%_ \f w\%-v\];=o,)

For exaMFle, 'lf ’L,\aG_R . when we Sa.\a_ 'S e%m\g +*o ka (1=c3)",wl'\drt does t£ mean

4D Meah‘wxg of e%w:.lrha MR, n our mind .x:xa means  both x,ta have -the same.
value. . However, dank :

A X
e
C A

@ E%u\al as svbsets cf R >

by Dﬁe\f \ma “‘ranslations and vstations 2

(e "Diﬁe\» \ot.a “translations , yotations and a reflection ”

@ What owr w\derstaw:\fv\% +o “e%ualr(:na" s a velgbion which sab‘«sfeg :
(@) Eve.v-g(:\r\in% e%wals +o rbexf

b l-f ' e%mls to 4 . then 4 e%wo.\s s .

@ tf x e%m\s R 4 and Y e%mls t© z, then x e%m\s +t z.




'D#lnlﬁon .6

Let ~ be a rela-(:‘uondzﬁv\ed on a set A.

Then ~ is sad to be an e%xuvalevxce. rek(:iononl\\f

) (rzﬁodve.) a~a j?m— all aeA

2) (s.amw\cbﬁe) f ank ,ten baa

2) Cbransibive ) if anb ad bac, Hen anc.

(What we oy to do is dbstraction of "e%mli-&‘a"-.

Suppose we have a set A Rather Hran deSiv(\\I\% what e%mlrha_ mean, we. -tr'ﬁ +o
describe how 1t should belnave. !)

EWFIQ. (25 [/ Exevcise (.3
Relations de?vxe:\ n exaw\\>(e (20, L2 - 124 are e%a‘wale.v\ce relation but ot fw-
“drose  in e><aw<rle (12 and 21 .

Show that. -dre velation in QXQW(F(Q. 24 8 an e%u\ivaleme_ velation .
) lf e ZxZ ,then (M, n)~M,n)_ Since.  mn-mn =0
2) If (vv\,n),(]:.%) €Z~Z" ond (vn,vx)~('i>,%) . Hhen vv\%-m?=o which means Fn-%wuo as well .
('P,%)«-(vn,n)
3) lf ('“’“)'(F'%)’(r'S) ez ~Z", (m,vx)~('l>,%) and ('P,%)fv(r,s) -then m%-v\1>=]>s-%r=o.
qlms-nr) = MSQ - NPS - nvg £ nps
= scvv\%- nF)+n('|>s-%v-) =0
90360 = wmsS-nr=o

)~ (r,s)

'De:f!n\'bion L3
Let ~ be an e%aivalew::e. relation on tHre set A,

fal={beA:a~bl is called “he %uivaleme Class cf a lma ~.
P\wa element ?f an e%wva.lence class is called a reFresewba(':ive.
A/~ ={lal: acA} is called the %Astien'b set of A b-a ~.



Bavple 125
B~ is the e%uivqlence relation on Z which is gpven l:a a~b nf b-a is divisible ba 3.
Note trat ... :Tol=[al=l6l=:-- (= {2m :mez})
o201 ef4T=03D e (= {amse1 ime2})
o 2Ta1<f81=L81=--- (= {amsa:mez})
2/3% =2/~ = {01,13.513 .

There are onla_ three e%mivala«ne. classes and also we can observe Haok Z = ol u L3 ul2].

We con gewzrnlize_ tre ohbove as “the —fol\ow'mé:

Frwros‘r‘:‘uon 1.8

Let~beane%Awalencz.relabonm-6ne_setA.“ﬂ'\evx A

1 aelal —for al aeA Q b n

2) [@] =[] 'tf and ovx‘ia f a~a ana’ ;,

2 A e%v«o.ls to -the dis]oiwb waion cf e%udvale.mz_ classes .

Fn,gf._ @ Tl .- | A/~

1) Trivial , Since an~a fur all acA.
2) "= Pssume [al=[d].
From 1, delal=[al , so and
‘e’ Assme ana.
Let belal. 'B\a definition a~b .
an~ad and d~b > a~nb $ beldl = Wichl
Ba siwilar orgument. , we can show Hazt TA<TAI.
STl =4,
2) Since every e%aivalence. class s a sibset of A so does the union cf e%uivaley\ce. classes .
For all aeA , L(a 1, aell,se a l:e\ovxas +to the  wnion cf eﬂ_,uivqley\ce, classes .
" tnion cf e%uiva\lme. classes = A  and what remans to shows iz He uvion Is a chsjo‘m(: wnion
H = e%xwa(eﬁt +o show ‘f celdlald |, then [l-0s1.
celalall = arc and bac
= a~rb  (bac= cnb)

= -1 (b-a 2)
Somebimes , we s«-va_ Yk Hre e%/«ivalenc:e. classes fu«w\ a Fav'b-bov\ crf A.
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2/3% <2/~ = {[c3.13 213 .
Question : Can we d%ivxe_ addrtion en  2/27 2

We know (assume) addrbion s &eﬁv\es:\ on Z ., bre how fo make wse GT e
-rn6 . TadxThl = Ta+b]

¥ 1\
addtion o adition on 7
be ﬂefivxed

C1301 =T+ 11 =121
RIFLT -+ 3131 =[]
but Frbb\e.w\ comes | [B1:=[8] , [1=T4]1 , then T2IFTTL1] -[51%T] ?

erb«w:&ﬁl(a_, 513141 - I5+41-11 =[o]

lin 8e.nero.l, f Tal=0a1 , Td=Tk] , where a.a’.b.b ez ., Tatbl=Ta+b1
Tal:[@] , Tk1=Tk] wmeans a~a’ , b~k so

a-a' =2m , b-b=:3n -\’Yw Some. ‘wvbe%ers m.nezZ

then (a+b)-@+b) =3m+n) |, So [a+tbl=Ta+L'] !

\We. S that addrion T on 2/3Z is induced frcw\ addition + on Z.
(OSV\a.l\la_, we. SMF"& write + instead sf £.)

Su‘)‘)ose. ~ iS an e%uivalevm relation on A and * is a b’lmna_ operation on A
Main question : Does x induce a b‘mara_ operation X _on A/~ 2

N«bmlha: We h«.a +o defane_ RI%L] =laxbl .

Trovble : H may happen that a'elal . b'elkl (ie. a~a’ and bak)

bt xk]#laxb] (e arbfasb).

A
Q b Q * b
a’ Y — ‘ a'xl’
@ ) - faxk) A/~
L1 I8 s




What we re%wre (f a~ra’,lb~b ,then axb~adxb .
% _induces a binara oFeratiovx % on A/~ \f Hre obove condition holds .
For siw?lic}(:va_ , we. denste the bimra oFem'(:iov\ on A/~ bg " aéa'm.

Branple 123

The relation ~ on NN dzfmed ‘ona (wx,n)~(-[>,%) “nf M+q = prn n Qxa.w(F‘Q. 22 i an
i ionn . \What is N\/~ 2
e_qbwa.\ev\ce relati W

N/~ = {0, [o.22]. T_(o?,'l)] ,E(oé'o)-_\,[(l ,gﬂ ,[(1?0)] L3
denste 2 -1 o { 2
Z con lDe deﬁv@ﬂ as NX/A- f

Addttion on N is natwally, clefined -

(m.n) + (g = mtp. nrq)

Question : Does addition on N induce an addition on N/~ 2

(f ()~ o) and (p @)~ (g Hhen mew = men and pig’=pig
G+ p) +CV\'+%') - (wx'+‘>') +(vx-\-%) and so

(m+p) +(vx+%) = (m+n P - (+n ,F+i) = (W\'-\-F') + A+ %')

5 \We can dlefire addibion on Z = N/~ .

5-[e5] |, 3:[ol cZ:N/i

8)+@) = Wo,5)]1+1R.o)]1 =e,5)+@, o)) = [(3,5)] = [o,2)] = -2

5-[eo] |, 2-TG,ol ¢ Z - N/~
5+3=Us,0)1+13,0)0] =T5,0)+@,07) = [(8.0)] = &

FLAY'H/\eY':Ho\-a‘toéeflvxe_ substraction on Z 2
Exevvise (.4

-:Def'w\e. . on N as (m,n)-(‘F,%):(M‘F+v\i’,w‘>+mi)
(ldea : (m,n) s acbu\q\\\a reFresewbn% m-n_in Z

(M-V\)»(‘F-@ = (m1>+ n%) -(W\%-Q-V\F) which s rz\)msarvbed ‘0\3 (M‘>+v\i>, V\F-(-W\i) )

Does « on N induce - on lNz/~ 2




Emm?le 2%

D relation R 27" i e (24 addtion defined
e:fine_ a on on as in_ example ket Z*fo
'Defiwe_ a \:‘mav-g d‘mnz(ﬁon (addition +) on Z=Z" lma (W\,V\)+('F,%)=(w\%+h:{>,n%).

L "
hink : v . , , . : m ordinan, addition
Think "Regq mn) as B, V\.)+('F%) is defned as ) - ;L‘a

B e and ) ~(plg) s ie. mrlnm - pql-gp’zo
o ) + (P g) = (w(%'w\':[:’. AR

Then (w\%+n:‘>)n%- V\%(W\'%'+n':[>') =0 = (m.n)+(]>,%) ~(w\',v()+(]>’,z;)
2o We can defme addition on B = Z 7"/~

Usually, we Say L~ 2 e® To ke precise., & should be ]3] e
L]+ 03T (L3 (+ s defined on @, + is defined on ZxZ%)
[=43R][p]- I8 (e f)

However , we can freelua_ +ake other ve?vesewtnbves in ['?],[-%’_—] . sy %e[';] ard %—_e[%] ard
(L1403 - (3] [epedet] (20715

Exercise (.5

'Defiv\e - on 2x2 as G, )= (p.g) = (mp.ng)
Does « on Z2xZ induce « on (ZxZN(n 2
Further : How o clej\vxe. division on ®

Su\m\ma.\r\a :

Assume e funow the  definrtion o N

we con define Z and then deflv\e. Q.

Also, ossume we know -the dqf«n\-hov\ c§ addition and muttiplication on N,
we con defire addrbion and  muttiplication on Z and  then defire on Q.

Remark :

For more  detnil cf N, see ch.6 of [21.




Runctions :

Definition 1.8

Afm:eonf fmm A+t B 18 a relation -frw A4tB (e fgms) such -that

O prf) =faeh @befi=A

2) lf @b . ablef then bib,.

The sets A and B are said 4o be the domain and codomain cf-&e.f\mbonfresFes:Evelua

(rmge(f) A=) Fr,(f):-{ beB:@.befl is sad 4o be the range c@ $ .

We denste 1& by $A—B ad we wite fwib oc abb ® @bef. B Fe®

Remark : 3mwtees Haat :f@ is well-dzﬁwed and
@) gmwtees that aeA is sent to

a wxi%ae elemerit n B

Ria)

>

];r.kfhf\ ,

BmmFle. 12
Addition cf real numbers can also be re%arded s a

-fwcb'or\ fﬂRxTR —R elefined ba_ f(a,b:a+|o.
ln %enera.l, let S be a set . a j?w\ctiovx jE=S$S—>S is sad to be
a b‘mo.v-a_ oPeanion on S. Sometimes , we s‘lwxPl«.a weike axb 4o denste f(a,lo).

'Defm‘rbiov\ L2

Let £:A>B be a function.

1) is said to ke an injective Ffunction # fe:fow > xrx
(ExFlanar(:ion:Once.-Hne.oa.d:Pwt are the same , the wputs must be the same !)
2) § s sad to ke a sucjectie function . YV yeB  axed Feo =y C(fD =B
§ § s both injective and surjective , then it 1s sad 4o be bijective .

'Defm‘r&iov\ Llo

Let §:A—=B be a function. If §:B=A_is_a Junction Such that.
0 3({@) =% VYxeA

2) fc3«a>> =y Vyeh

‘rkenjissdld-tobeanlvwerse_off.



'Rmrom‘(ﬁon 1K
0) lf an inverse of f exists, it s unigue , SO We. dencte 1t b«a_ f-l.
2) f has an inverse |f and °"“& 1f f is b.Jec(:ive,

E<avnF|e .20

f:{k >R defmd b‘& fw=£ is nerther 'm)ective novr swjective..
f'-[o,m)—i[o,eo) defined b‘& j—’e,ont is bi)ect'we.

Hs inverse f-'=to,oo)—>to,oo) s densted an_ f-éomﬁ.

EmmPle. .2\

let A={1,2.23%7 . R={a.b.cl and let f-.A—r‘B definedd \:na_ funa,fuhb ,fcs)m.

H can be check e\ive_ctla_ Hrat f is bi]ec&:‘we..
Remark : Naivel\& , rf j": A->BR is a bﬁec&ive.

ion , Ben 'H'\e-nwv\be.r cf
clements in A and B are the same.

EmmF|e. L3

Let E={').V\€2+= vxe'Z*"ﬁ and et f’2+—\E dz'fined \08 'f(h\-).n . Then f s bhecﬂve.
I 2. _4 5 6 .-
N

2 4 5 6 -..

Remark - f is a lozjecb'we fwxctlon W\a‘\v‘ﬁn% a seb to s Proper subset (E€Z bt E42Z)




Pxiomatic  Set "w\epna:
Third crisis  (see Hwee crises 1 mathematies) :
- (Naive) set ‘Ht\eona_ was used n the discussion cf +he. fbuv\dcd:lom cf
wmathematics .
. Accnvd'm% 4o naive Set -t\r\enna_, f Peo s a staxtemenst
a\a v x (xe(aé?bo)
but Russell’s Pax-ndox was 'Fm'l:osed (Rertand Russell , 1301) :
Let Y- Ix:xgx3 | then o g udy (Contradiction !)
~~> Pomatic  set -t\/\e»wa (2© "t conbinny)

Piciom : A statement Hhat s token o be true . to serve as a S'EAV‘EiV\% 'Foiwt ‘jur‘
f\;\r‘ﬁl\er Y‘Qasovxivx% .
Too -few axioms : Camcst deduce  much

Too W\avmg axioms : Cause redundancies or even conbradictions

? 9 L PYOFQ ki [

What we wank to do - 1\{4 \\/, AN "\'l'\ex:'!av\:\s
Vo

) bweloF <ect ‘B/\e.ora in_axiomatic aF‘Prba.dr\

2) 'D'\ffzrevft branches cf wmathematics are '])g?u\'raov\s

—
lo in | Sets . T
develeped in tes of lengrage of -

o dea cf axiomabtic. set ‘df\ﬁb‘(\a_’-

* NST to osk what a set s, what +the w\eav\iv\% cf b@.lOV\%fn%_ / egbmlrba is .
(Let “rem %o be W\c\ef“med objecks ()

+ For a model with Sowxe&lr\iv\g called seks |, elements concz‘sts cj belovxgiw% and
egomlrba . we_ describe how -h\«ev& behave (twcFoswa axioms ) .
As (ong_ as no conbradicts / paradoxes occur . the model 15 a well- established 'ﬂ/\eb\'va_.

. bﬁ’ermb sets cf axiows may (ead o diﬁerent set -theories.

Model

L= (a (86'2.



Zerwelo - Froenkel set 'ﬁ«emna it one ef several axiomatic s«aste.w\s which  were.
Fvvrosed " QQY'lla 20-dA cerrb.sna “o fbﬂm\d&e a 'ﬂ/\e:ma c:f sets ﬁee 632 Famdexes.

Zermelo - Fraenkel Set “l"r\eana_:
1) (Pxiom oﬁ existence. )
There exists at least one set.
2) (Pxiom cs extension)
Two sets X and Y are Q%Ma.\ favdmxaﬁj X contains evenaelemev\-b cf Y and
Y cortains ey elementc cf X.
2) (Pxiom schewma sj srec‘ftcat‘.on)
Qiven avua set X and ama_s(:abew\ewt P on elements % cf X, there oxdists a set
Y whose elements are emctl‘a Hose elements i K o whidh P s e
#) (Pixiom of Fcﬂriv%_)
fXavdeareseES,‘ﬁnen‘H/\ere. exists a set whidh contains X and Y.
5) (Pxiom of (waion )
For av\a_ set cf sets F , there exists a set X cnwbaiv\in% e\lena_ elemert whidh & W a
member cf 3.
6) (Axiom cj? powec set)
Fb\r-awgset K, there exists a seb Y hat  contains e.\/e‘na_sdoset cj X
P (Pxiom cﬁ ivrfim‘rba)
There edists a seb T sudh thak I contains ¢ and fw al xin T, xOB3G is alse in T.
) (Pixiom Gj sulostirb ation )
The image. cﬁ “he domain set X wnder a clzfim\o\e_ -)ewxctiov\ fnlls inside a set Y.
) (Piom ojz regulactcy)
Fbrm\%nmthaset X, Hhere edsts Y in K such that KXoy = aw\;-ha
() (Priom o§ clacice )

For awg V\cwawt\sha set K, Hrere odsts a choice -ijc:tion f de?ved on XK.

—l'he_'ﬁr\eonau'rﬁ«oodm (-4 s densted bqa zF .
ZF'Hr\eov-g -eo%zﬂz\er wrth  axiom cJE choice. & densted ‘ma ZFC .



Haove a “nste !

Question : \A)‘/\ta does "ew‘\;'ba set” exist ?

'Prurcs‘rb'lov\ \.lo
There exists a seb which contning no  clement .
'B-aaxioml,-ﬁnergaisbsaset!\.

B'6 axiom 3, {xePN :x#x} s a seb a8 A ¥% is a statement -jov- all %~ in A,
we. denste it ba qS

(¢ contains no element , stheruise there exsts x in A sudh that x#x. )

Question : Let AR bese:&s.wlr\% con we construck the irtersection cja A ad BR?
'&a axiom 3, {xch xeB} s a set and we denste bla_ AnB .

Similacly . BaA={xeB:xechA} is also a set , but AaB =BaA 2

Vx, ePA0B & xecArxeB & xcBaxeA & xeBnA.

Tkerefov-e, {xeA: xeBY={xecBR:xecA} and we denste i b«a_ {x:xePArxeRr}.
Wrdhout the dbove, we do net  kinow if {3 :xeAaxeB} constitues a set !

Question : Does Tt exist an universal set , i.e. Tt contains ever-gtwmé_ 2

_varcs'r(:icm (A

There exists no  wniversal set .

[Shei
SMﬂ:oSQ. the corrhmw.g V s a tniversal set.

B\a axiom 3, {xe\l: xgx} s a set.

However , bothh cases Vef{xeV:xdxd ad VEixeV: x¢x3 lead contrrdiction !




